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Abstract. In this paper wc will study moduli space of J-holomorphie dises in 
an almost Calabi-Yau X of real dimension 2n with boundary on Lagrangian 
submanifolds which are either diffeomorphic to 5" or RP". Our main tool 
will be symplectic-cut technique. As result will prove rationality of numbers 
defined in IFO-C| and non-displacability of Lagrangian spheres in dimension 
bigger than two. In the case that the Lagrangian L is in the fixed point set 
of some anti-symplectic involution , we show that if L is diffeomorphic to 
S'^ then all open invariants defined using the symmtery are zero and if L is 
diffeomorphic to RP^ , then there is some relation between open invariants 
of odd classes in X and closed invariants of another almost Calabi-Yau 3-fold 
Xout constructed from X. 
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1. Introduction 

Over the following two decades, mathematicians including Ruan-Tian |RT] . 
McDuff-Salamon pvIST] . Li-Tian [CT] and Fukaya-Ono [FO], successfully established 
a rigorous foundation of Gromov-Witten invariants for symplectic manifolds. Ex- 
istence of open Gromov-Witten invariants counting pseudoholomorphic maps in a 
symplectic manifold with boundary on a Lagrangian manifold, have predicted by 
physicists |F1[ IF2[ IF3[ IF4j . These invariants would naturally generalize classical 
Gromov-Witten invariants to include maps from Riemann surfaces with boundary. 
But any attempt to use techniques used in classical case directly in this case fails 
due to existence of boundary for moduli space of discs (or generally any domain 
with boundary). 

Let {X, w, L, J) be a tuple consisting of a symplectic manifold X with sym- 
plectic 2-form w , an embedded Lagrangian submanifold L and an almost com- 
plex structure J compatible with w and L. Also consider a 2nd relative homol- 
ogy class f3 e H2{X,L) with w{f3) > and maslov index We then de- 
fine Aik.i{X, L, J, P) to be stable compactification of moduli space of all maps 
u : — )■ X with du : dD^ — >■ L and dju = 0, having k marked point on boundary 
and / marked point in the interior of D^. These moduli spaces have boundary 
coming from two possible type of degenerations : 

(1) Type (I) : A J-holomorphic disc might bubble off at a boundary point in 
limit, when considering a sequence of J-holomorphic discs. 

(2) Type (II) : In the case that (3 is in the image of map i : H2{X) — >■ X2{X, L), 
the boundary may shrink to a point in the limit. 

GW invariants are obtained by integration on moduli spaces, so due to the existence 
of boundary for these moduli spaces, the calculation in open case will depend on 
actual difFerntial forms and also on tu, J, • • • and so we can't get invariants in this 
way. 

Also existence of boundary is an obstruction for defining Flore homology of 
Lagrangian intersections. This problem is studied in the book [ F000| and also the 
papers [FPU IF02[ IF03) . We also have orientation problem in open case. While 
moduli spaces of closed J-holomorphic curves have a canonical orientation comming 
from almost complex structure, an orientation in open case might not exist and if 
it exists it depends on orientation and a relative spin or pin structure on L. See 
}F000j chapter 8 for orientation coming from relative spin structure and Jake's 
thesis I Jake] for orientation coming from relative pin-structure. 

There has been some attempts to define open GW-invariants by various peo- 
ple including Liu [L], Welschinger, Jake Solomon and Fukaya. In |W11 IW21 IW3] 
Welschinger defined invariants using real curves in complex algebraic varieties. Jake 
Solomon jJake] extended this idea by considering Lagnrangians which are fixed 
points of an anti-symplectomorphic involution. Using the involution and after 
studying orientation problem he identified different boundary components to make 
a space without boundary and integrate on it. Later on and in a collaboration with 
R.Pandhripandeh and Walcher [JRW they calculated some open GW invariants rel- 
ative to fixed point of some involution in Quinitic, using localization techniques. In 
jFO-C| Fukaya defined some numbers relative to spherical Lagrangians in Calabi- 
Yau 3-folds. These numbers are real and depend on choice of almost complex 



OPEN G-W THEORY ON C-Y MANIFOLDS AND SYMPLECTIC CUTTING 3 

structure via a wall-crossing formula. In this paper and as a corollary of Theorem 
ll.ll we'll prove the rationality of these numbers conjectured there. His works can be 
extended to M.P^ case but it will produce real numbers again, unlike in |JRW[ [Jake] 
where they get rational numbers. 

The story is by now well understood, in the case that the oriented Lagrangian 
3-fold L is in the fix point set of some anti-symplectic involution (f). Lets define 
112 L) to be quotient of H2{X, L) with respect to equivalence relation 

/3i ^ /32 ^ = w{[32) and = m(/32) 

It is shown in |Jake| section 4 and also in |F03j section 6.3 , that as long as we 
restrict ourself to almost complex structures compatible with 0, we can define some 
open invariants, invariant under symmetric deformations, virtually counting pseudo 
holomorphic discs in class j3 S 112 We will call these invariants N^^"^ where 

"sym" means we are in symmetric case. 

In this paper we will study moduli space of J-holomorphic discs on almost Calabi- 
Yau manifolds using symplectic cut-sum technique, where by an almost Calabi-Yau, 
I mean a symplectic manifold with trivial canonical bundle. In general case where 
there is not necessarily an anti symplectic involution we will prove; 

Theorem 1.1. Consider an almost Calabi-Yau manifold {X,w) and an embedded 
Lagrangian submanifold L G X . Assume that L is diffeomorphic to S*" and n > 2. 
Then for any positive real number E > there is an open set Ue in set of all almost 
complex structures compatible with w and L, say J''^°"^p ^ such that for any J G Ue 
, all moduli spaces M{X, L, J, l3) with w{j3) < E are empty, simultaneously! 

Corollary 1.1. Invariants defined in |FO-C| for Lagrangian spheres in Calabi-Yau 
3-folds are rational. 

Infact starting from an almost complex structure given above we can show that 
invariants defined there for an arbitrary almost complex structure comes from wall- 
crossing ( degenerations of type (II) above) and so are rational. 

Corollary 1.2. Under conditions of theorem \l.l\ . the Lagrangian is not displace- 
able and infact for any E > there exist Je with respect to which: 

HF{L,Je) """^^^ H*{L) 

We then try to use same ideas with some modification to prove the same results 
in symmetric case and we get : 

Theorem 1.2. If X is an almost Calabi-Yau 3-fold admitting an anti-symplectic 
involution (j) and L C Fix(4i) is a Lagrangian sphere, then all open Cromov-Witten 
invariants N^"^"^ , /3 G 112 (X,L), zero! 

This shows that there is no interesting open GW theory with respect to La- 
grangian spheres in Calabi-Yau 3-folds and in a similar manner one can get same 
results for higher dimensions. 

But the story is totally different in the case that Lagrangian is diffeomorphic to 
real projective space RP^ and I believe that after some consideration which will 
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be discussed later and using some kind of sum-formula one can prove following 
conjecture: 

Conjecture 1.1. Lets X be an almost Calahi-Yau 3-fold and L = MP"^ C X 
he an embedded Lagrangian. Then for odd classes /3 G Il2{X,L), the open GW 
invariants iV^*"" can be expressed as a function of ordinary GW invariants of an- 
other almost Calabi-Yau Xout, constructed from X, using the homology classes 
Fp'.k G H2{Xout,'^) constructed from j3' . 

Also considering one of the following situations: 

9 L ^ and X is a K3 surface or 
• L = and X is Calabi-Yau 3-fold. 

Then something interesting happens. From X and after a surgery given in 12.21 
we can construct another symplectic manifold Xout with c^°"' = 0, replacing La- 
grangian with a symplectic divisor. So it enables us to produce lots of almost 
Calabi-Yau 3-folds. 

As we discuss the symmetric case we will observe that we can produce many 
examples of symplectic manifolds with an anti-symplectic involution without fixed 
point. 

The main idea in whole paper is as follows: 

We start by a triple {X, w, L) in general and {X, w, L, </>) in the case there is an 
anti-symplectic involution and then from that and using symplectic cut in a neigh- 
borhood of L corresponding to some intrinsic Hamiltonian action, we construct 
a singular symplectic manifold Xq = X^ Ud Xout which is made of two smooth 
symplectic manifolds intersecting along a common symplectic divisor. Then using 
symplectic sum, we construct a fiberation tt : — > A over unit disk in C which has 
central fiber equal to Xq, and smooth symplectic fibers isotopic to X elsewhere. 
We then try to relate the modulies on smooth fiber to modulies in Xq. The main 
observation would be the fact that Xout has positive canonical bundle and so it will 
hellp us to prove some emptiness theorems. 

The organization of paper is as follows. We first review the definition of sym- 
plectic cut-sum surgeries and apply it to the special case we need, in section 2. In 
section 3 we investigate the effect of this surgery on the topology of manifold, which 
can be skipped in first time reading. We then use the material of chapter 2 and a 
little bit of chapter 3 in chapter 4 to prove the theorems stated above. Chapter 5 
is devoted to give a better picture of some algebraic terms used to define invariants 
in [FO-C] and will not be used anywhere else in this paper. We finish in chapter 
6 by some remarks and questions regarding this surgery. And finally the appendix 
gives a quick reference to topics around Lagrangians with vanishing maslov class, 
which are one of the main ingeredients of this paper. 

1.1. Acknowledgements. I would like to thank my advisor, professor Gang Tian 
for suggesting to me this problem and for his continuous encouragement and sup- 
port. In addition, I would like to thank K.Fukaya, J.Solomon, R.Pandripandeh, 
D.McDuff for many helpful conversations. 
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2. Symplectic Cut-Sum 

In this section first we review the symplectic-cut and symplectic-sum surgeries. 
We then consider the situation that we have a symplectic manifold {X, w) and a 
Lagrangian L G X which is a homological sphere and from this we construct a 
singular symplectic manifold Xq made of two symplectic manifolds {Xin,Win) and 
{Xout, Wout) intersecting along a symplectic divisor D whose normal bundle in Xi„ 
and Xout are dual to each other. In next sections we will use Xq to study the 
moduli space of J-holomorphic discs in X. 

2.1. Review. Symplectic-cut is a surgery technique on symplectic manifolds, which 
using that we can decompose a given manifold into two pieces. There is an inverse 
operation, the symplectic-sum, that glues two manifolds together into one. The 
symplectic cut was introduced in 1995 by Eugene Lerman [EL) as a generalization 
of symplectic-blowup 'MS2' , who used it to study the symplectic quotient and 
other operations on manifolds. 

Let (X^", w) be a symplectic manifold and y^n-i xhc a. smooth submanifold 
of X and suppose we have a Hamiltonian action on some open neighborhood U 
of V with moment map h : J7— >M. Now assume a £ M is a regular value for h and 
V is equal to Va ~ hr^{a) in X. Then Va is invariant under action, so we can 
construct the quotient space D^~^ = Va/ which inherits a symplectic structure 
from X . 

Now again suppose we are in the previous situation and lets decompose X into 
two pieces with equal boundaries Va , say Xh>a and Xh<a- What we want to do 
is to construct two smooth symplectic manifolds {X out, w out) and {XimWin) from 
above pieces by contracting two boundaries with respect to action as we did 
above such that Da gives a symplctic divisor in each of them and also such that 
open set Xout \ Da (resp. X^ \ Da) is symplectomorphic to open set Xh>a (resp. 
Xh<a)- We proceed as follows: 

Consider the symplectic manifold X x C with symplectic structure w wq where 
Wo is standard symplectic structure on C. Also consider open set C/' = C/ x C and 
extend the action on U to an action on U' which is equal to multiplication by 
e'^ on C part. Again this is a Hamiltonian action with moment map hout = h— \\z\^ 
and a is a regular value of h' . So we can consider Va — h'^^{a) and its quotient 
h'^^{a)/S^ which inherits a symplectic structure from X x C and we will call it 
Xout- Similarly we'll define Xin considering moment map -f ^ |2;| . Then the 
subset V^' n (X X {0}) C V^ gives a copy of Da in Xout- We can also prove that the 
normal bundle of Da in Xout is dual to normal bundle of Da in . 

Symplectic-sum is reverse of this procedure obtained by gluing to symplectic 
manifold along a common symplectic divisor. We start with two symplectic mani- 
folds Xin and Xout and two co-dimension 2 symplectic submanifolds Din and Dout 
in them symplectomorphic to each other such that the symplectic normal bundles 
of 13 = Din — Dout in Xin and Xout are dual to each other. We then construct 
a family of symplectic manifolds n : Z ^ A depending on a complex parameter 
A S A, where A is a neighborhood of G C with following properties: 

(1) The total space Z is a smooth symplectic manifold ( A symplectic fibration) 
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(2) The Fiber over , Xq is singular and is a normal crossing composed of two 
components Xm and Xout having intersection along their common divisor 
D 

(3) Over A — {0} the fibers are smooth symplectic manifolds X\ symplectically 
isotopic to one another; each is a model of the symplectic sum. ( we write 

= ^in #15 Xout )■ 

(4) If we perform symplectic-cut on a symplectic manifold X and then consider 
the symplectic sum of resulting manifolds; we get a fiberation where each 
smooth fiber is symplectically isotopic with the starting symplectic manifold 
X and so in this way we can consider the symplectic-sum as a reverse of 
symplectic-cut. 

See |IP2j section 2 for details of construction. Construction of symplectic sum 
is a little bit harder than symplectic cut, but it has an easier description in the 
following situation which we need through the paper: 

If we start from a symplectic manifold X and perform symplectic cut along 
a hypersurface V as above, we get a singular symplectic manifold composed of 
two symplectic manifolds Xin and Xout for which we can do symplectic sum and 
construct the family Z containing Xq = Xin Xout as a central fiber. Although 
the construction of symplectic sum in general is a little bit hard but the comosition 
of these two surgeries is easier to describe and in what follows we will show how 
one can constrauct Z from X directly: 

Lets again come back to the situation where we have a symplectic manifold 
{X, w) and a Hamiltonian action on an open neighborhood U of hypersurface 
V <Z X with moment map h : U — >■ R, where V — h^^{a) for some regular value 
a e R. We may assume that a = 0, C/ = i, i)), and all values in (— i, i) 

are regular value for h. We will construct the symplectic fiberation Z from three 
patches. X \ is made of two open sets. Lets Uout be the one which is in the 
positive side of h and Uin be the one which is in the negative side of h. Then three 
patches which wc need are : 

(1) Endin — Uin X where A,: is disk of radius e around G C. 

(2) Endout = Uout X Ae 

(3) and we construct the third one (The neck) as follows: 

Consider ?7 x Ai x Ai with symplectic form w (B wo (B wo and action given on 
it by : 

|2 I |2 

with moment map ^{x, zi, Z2) = h{x) — — V -^^j-. 

There is a complex valued function on J7 x Ai x Ai, invariant under action, 
given by : 

\{x,Zi,Z2) = Zi- Z2 

Again zero is a regular value for moment map ji and so we can consider the 
qoutient: 

neck = ^-i(0)/S'i 
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which is an open symplectic manifold, inheriting it's symplectic structure from 
U X A X A. Since A is invariant it induces a function, still called A, on neck. 
Lets p denote the projection from ^~^(0) to neck. Having all these three patches 
in hand we construct Z as follows. 

To construct Z, we glue three open sets Endm, Endout and neck using following 
maps: 



ipout ■ Endout n ([/ X Ae) -J> neck 



is given by: 

^out{x,re'^) = pix, '^hix) + \[h{xY + |r|^ 



]J h{x) + ^hix)"^ + \r\ 



and 



is given by: 



ipin : Endin H {U x A^) — ^ neck 



i^in{x,re'') = p{x, ''^ \-Kx) + Jh{xY + |r|') 



\j-h{x) + ^ 



It is easy to see that A induces a function, still called A on whole Z. Also it is easy 
to see that A~^(0) is nothing but the singular manifold Xq = Xin U Xgut we had 
before and for non zero numbers a G A, the manifolds X~^{a) are all diffeomorphic 
to X. We just need to put a symplectic structure on Z in a correct way. Prom the 
equation of '^o«t and the fact that : 

P*{Wneck) = {WX ® Wq ® Wo) Ifi^HO) 

we get : 



1 

"^lutWueck =wx + -d{ — d9) 
^ 9 



where 



g{x,r) = h{x) + h{x)'^ + \rf 



Note that the image of il^out and ipin have no overlap since the first component 
comes from disjoint sets in X. Now for 5 small enough and for a; e ?7 with h{x) e 
(5 — ^, 5), g{x) is very close to one and so d{^d6) is very close to d{r'^d9) and 
actually using a cut of function /3 = we can merge d{^—d9) into d{r^d9) 

and so we can merge ^*^fWneck into w Endout 1 a symplectic form which is 

equal to wsnda^t on Endout \ U x A^ and is equal to w„ecfe for small values of h. 
We can do the same thing for Endin and so in this way we get a symplectic form 
wz on Z with required properties. 
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There is one more thing which I would hke to mention at this point. Suppose that 
in previous situation, we have one more data which is an anti-symplectic involution 
(f> on X compatible with the action in following sense: 

(1) (f) maps each level set of h to itself. 

(2) o e'^ = e"** o (j, 

Then we can extend this anti-symplectic involution to anti-symplectic involutions 
on Endin, Endout, U x x and the neck by considering complex conjugation 
on each disk A and then it is easy to see it induces an anti-symplectic involution 
4>z on Z with following properties: 

(1) (f>*zWz = -wz. 

(2) ipz maps fiber over A to fiber over A. 

(3) (pz maps Xg, Xm and Xout and so Da to themselves, and (pz \xo^t has no 
fixed point. 

We will need this result for the proof of theorem 1 1.2 1 and discussion of conjecture 
ll.ll in section |4] 

We end up this section by two remarks about symplectic cut and sum techniques. 

Remark 2.1. Symplectic cut-sum technique is the main ingredient for defining rel- 
ative GW invariants and the sum formula relating relative invariants of Xm and 
Xout to the ordinary GW invariants of X , where one can obtain GW-invariants of 
X from relative GW-invariants of Xin and Xout via some complicated sum-formula. 
Relative GW invariants and the sum-formula from the point of view of symplectic 
geometry are developed in two papers of lonel-Parker jlPl] [IP 2] . 

Remark 2.2. Let SM be the category of all smooth symplectic manifolds of vari- 
ous dimension, whose objects are smooth symplectic manifolds and morphisms are 
symplectomorphisms. SAi is a monoid under disjoint union and let SM^ be the 
free abellian group generated by SA4. Now consider the subset TZS C 5A4^ of all 
double point relations: 

[X]-[Xout]-[X,n] + [V{N^-''-)] 

where P(iV^°"'^'") is the projectivization of normal bundle of D in Xout or Xin 
(they are equal). It's conjectured in [LRj that SM^ /TZS can be generated by set 
of projective spaces. 

2.2. Surgery near Lagrangian submanifolds. In this subsection we apply meth- 
ods of section 12.11 to a special case and using that we construct a surgery which 
given a symplectic manifold {X,w) and a homological sphere Lagrangian L in it, 
gives another symplectic manifold Xout which is equal to changing the Lagrangian 
in X by a symplectic divisor. 

Suppose we have a symplectic manifold (X^", w) and a smooth Lagrangian sub- 
manifold L oi X, then by a theorem of Weinstein |MS2| we know that a neigh- 
borhood of i in X say Ul is symplectomorphic to a neighborhood of Lq C T*L, 
considering T*L with its canonical symplectic form wl and Lq to be it's zero sec- 
tion. 
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From now on we restrict our self to those Lagrangians which are either S" or 
MP". Consider the pair (L, g) where g is the round metric on L. It induces a metric 
on vector bundle T*L and I'll define the function h : T*L R to be the lenght 
function of this metric, which is a smooth function outside Lq- So restricting to 
T*L\ Lq we can consider it's differntial form dh and corresponding Hamiltonian 
vector field dh :— —ixh'^l- We then consider the Hamiltonian flow of h given 
by vector field Xh say (l)h{t) : T*L\Lq — )• T*L\ Lq for which we have following 
theorem. 

Theorem 2.1. The flow of Xh gives an Hamiltonian action on T*L \ Lq with 
following properties: 

(1) Trajectories of this flow are identical to co-geodesic flow after a reparametriza- 
tion 

(2) Each level set Va — h^^{a) for a>o G M is invariant under flow (and so 
action) and is a contact sumbanifold ofT*L with contact form A jv^ where 
X is the canonical one form on T*L with dX — —w^. 

Proof. Renormalize g such that all geodesies have lenght one. Let x — {xi, ...,a;„) 
be a set of local cordinates on an open set U C L. Then we get local coordinates 
{x,y) = (xi, a;„; 2/1, t/n) on T*L, where t/i's are coefficients for a differential 
1-form a in the basis given by dxi's : 

a = ^ yidxi 

i 

In this coordinate we have: 

Wi = ^ dxi A dyi 

i 

and 

A = ^ yidxi 

i 

Consider two functions H and /i, given in this local coordiante by if = ^ '^g^''Viyj 
and h = \/2H. The Hamiltonian flow of H is simply the co-geodesic flow and since 
dh ~ ^ we get X^ — and flow lines of 4>H{t) are identical to flow lines of 
4>h{i) up to a reparametrization by some factor depending on trajectory. If 7 is a 
trajectory of (j)H{t) starting at the point {x, y) with \\y\\ = c then 7 has period i and 
so considering 7 as a trajectory of (j^hit) , it would have period ^ x ~ c ^ ~ 

So the flow of (j^hit) is periodic with a the constant period equal to one and so gives 
a Hamiltonian action. □ 

We will use the result of previous theorem and that of subsection 12.11 in the 
following way: 

Consider the triple (X^", w, L) as above and a neighborhood UL of L in X and 
identify it with a neighborhood U' of Lq C T*L, for which we have moment map h 
deflned on U' — Lq equal to lenght function as above. Suppose for all numbers a < C 
the level sets Va — h^^{a) are contained in U' . Then considering the symplectic-cut 
construction on symplectic manifold X with respect to contact hypersurface Va , 
a < C, and Hamiltonian action with moment map /i in a neighborhood of Va, 
we get following theorems: 
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Theorem 2.2. Suppose L is diffeomorphic to 5". After doing symplectic-cut along 
Va with respect to Hamiltonian action with moment map h, we obtain two sym- 
plectic manifolds {Xin,Win) and {Xout,Wout) with following propertis: 

(1) There is a copy of symplectic manifold Da ~ Va/S^ in each of them such 
that symplectic normal bundles of Da in each copy is dual to the other one. 

(2) {X in; Da; Win) is symplectomorphic to {Q"';Q"~^;Sa ■ wps) where Q" is 
Quadratic hypersurface in CP""*"^ given by equation: 

Xl - (^;'+^ xf) = in CP"+i , and Q""! = Q" n {X^ = 0). 
Wfs is the Fubini-Study metric of CP""*"^ restricted to Q" and Sa is 
some constant depending on parameter a. 

(3) If X is a Calabi-Yau n-fold , then c^°"' — — (n — 2) • PoincareDual{\D a\) 

Theorem 2.3. Suppose L is diffeomorphic to RP". After doing symplectic-cut 
along Va with respect to Hamiltonian action with moment map h, we obtain two 
symplectic manifolds (Xin,Win) and {Xout,Wout) with following propertis: 

(1) There is a copy of symplectic manifold Da — Va/ in each of them such 
that symplectic normal bundles of Da in each copy is dual to the other one. 

(2) {Xin, Da;Win) is symplectomorphic to {CP"';Q"'^^;Sa ■ wps) where Q""^ 
is Quadratic hypersurface in CP" given by equation: 

J2q -^i = m CP" , Wfs is the Fubini-Study metric o/CP" and 5a is 
some constant depending on parameter a. 

(3) If X is a Calabi-Yau n-fold, n > 1, thenc^""* — —^^^■PoincareDual{[Da]) 

Remark 2.3. Under above procedure we get a copy of lagrangian L inside Xin 
disjoint from Da. 

Remark 2.4. From [^3 and OS we get : 

(a) If X is a K3 surface and i = 5^ is a Lagrangian in it , then after surgery we 
get another almost Calabi-Yau symplectic manifold (c;f"°"' = 0). 

(b) If X is a Calabi-Yau 3-fold and L = RP^ is a Lagrangian in it , then 
after surgery we get another almost Calabi-Yau 3-fold. It would be an interesting 
question to find whether Xout has a Kahler structure or not. 

Proof. The first two parts of these theorems are proved in Michle Audin |Audin| 
proposition 4.4 . We just give a proof for the statement on the first chern class of 
tangent bundle of Xout '■ 

proof of[2J]3 : We have i?2(Q", 5", Z) = ffalQ", = Z. Lets call it's generator 
l3. Then /? has intersection number one with Q"^^ in an interior point. Now 
consider a Homology Class a e i?2(Xo„t,Z) and lets A be a representative of a 
intersecting Da = Q"^^ transversally at s points. There is a representative of 
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class s/3 in H2{Q^\ S"), say B intersecting Q"^^ with same intersection pattern. 
Considering symplectic sum-construction introduced in section [2T1 we can glue two 
Homology classes A and B to get a homology class 6 ~ A ^ B G H2{X,L) as 
follows: first cut a neighborhood of intersetion points in A and B to get cycles with 
bondaris say A' and B' , then push them to a regular fiber X\ for small A e C 
and then glue the boundary circles of A' and B' corresponding to each intersection 
point by small cylinders (c.f [IP II section 5). The maslov index of 6 is zero by our 
assumption. We also have following formula relating maslov index of S in X and 
those of A and B in Xout and Xin respectively (c.f |IP1| Lemma 2.2 for its proof) 
where masolv index(y4) by definition is twice its chern number: 

= nx {S) - {A) + Mx„ (B) - 4 • s 

X (1) 
= 2cf (A) + 2n • s - 4s 

Here we use the fact that iiXi^ (B) = 2c^ {B) = 2n ■ s. 

So we get cf""* (A) — —{n — 2) ■ s , which gives the desired result. 

12.31 3 can be proved in a similar way. □ 

The factor i in theorem 12.31 3 seems to be weird because we know that first 
chern class is an integral cohomology class. Actually in next section we will prove 
that there is no compact almost Calabi-Yau n-fold X with first betti number zero, 
contatining an embedded Lagrangian MP", when n is even. This is a good news 
because manifolds MP^'^ are not orientable and it is harder to put orientaion on 
moduli space of J-Holomorphic discs with non orientable Lagnrangian boundary 
condition. In non orientable case one needs to use pin structure instead of spin 
structure. 



Remark 2.5. In proof of theorem II. 21 and also in conjecture II. II we work with those 
triples {X, w, L), where the Lagrangian is in fixed point set of some anti-symplectic 
involution (/>. If in a neighborhood of Lagrangian, ip be compatible with action 
in the following sense : 

(1) e''^ o (f) = (j) o e-'^ 

(2) (j) maps each level set of moment map to itself. 

then as we saw in the construction of symplectic sum in section [51 (j) induces 
an anti-symplectic involution on the fiberation Z obtained from X and L, with 
following set of properties: 

(1) 4>*z'^z = -wz- 

(2) (j)z maps fiber over A to fiber over A. 

(3) (l)z maps Xq, Xin and Xout and so Da to themselves. 

(4) For real A, (j)z maps the fiber to itself fixing the Lagrangian. 

(5) ipz rsetricted to Xout has no fixed point. 

But in general (f> might not be compatible with action and we can not expect 
to get an anti-symplectic involution on Z. In the next theorem we prove that given 
an arbitrary anti-symplectic involution 0, then there exist a Hamiltonian isotopy 
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deforming it to another one which is compatible with action. We wih later use this 
theorem and it's consequence on Z mentioned above in proof of theorem 11.21 and 
in the formulation of coniecture ll.il 

Theorem 2.4. Suppose L <Z X is a lagrangian submanifold of a symplectic mani- 
fold with H^{L) = 0, and suppose L is (a component of) the fixed point set of some 
anti symplectic involution cj) on X . Then there is a Hamiltonian isotopy ipt on X , 
t € [0, 1] , with following properties: 

• Tpt is equal to identity outside some neighborhood of L. 

• t/iq is identity on whole X. 

• -ijjt o (J) is an anti symplectic involution with same fix points as (p. 

• ipio (j) is equal to standard anti symplectic involution on T*L in some neigh- 
borhood of L where the standard anti- symplectic involution on T* L is one 
given by sending any vector v* € T*L to —v*. 

Proof. By Wienstein theorem, consider a neighborhood UL oi L in T*L symplec- 
tomorphic to a neighborhood of L in X and consider </) as a map from UL to T*L. 
Lets T be the standard symplectic involution on T* L given by (a;, v*) — )■ {x, —v*) for 
(x, V*) e T*L. So = T o (j> : UL — > T*L is a symplectic map fixing L. For (x, 0) G 
T*L we know that Dcf) : T(j. o)r*_L — )■ T^xfi)T* L is an anti-symplectomorphic invo- 
lution and also we have the decomposition T(r^ Q-fT*L = T*L © T^L , so we will see 
that the lineariztion of 4> along L is of the form: 



We prove the theorem in two steps : In first step we will try to construct a 
Hamiltonian isotopy localized near L changing (j) to another anti-symplectic invo- 
lution (f) whose linearization along L is equal to that of r. At the second step we 
will construct another Hamiltonian isotopy localized near L changing (f) to t itself. 

In both steps we first construct a local Hamiltonian isotopy and then using 
following lemma we change it to a global one localized near L. 

Lemma 2.1. A Hamiltonian isotopy ipt satisfies: 

{(j) o i/ij) o {(j) o tjjf) = id and tpt fixes L 
iff the corresponding Hamiltonian function can be chosen in a way , that it satisfies: 

HtoSt= Ht and Ht |l= 

where St = tpt ° (p 





yvl,v^ e T*L 




Note that then St is an anti symplectic involution. 
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Proof. If t/jt is a Hamiltonian isotopy with Hamiltonina function Ht then t/^f^^ is a 
Hamiltonian isotopy with Hamiltonian —Ht o ipt. Also Let ip he a symplectomor- 
phism and (f> be an anti-symplectomorphism then (p^^ o ip^ o (p and oip^o (f) are 
Hamiltonian isotopies with Hamiltonian funtion Ht o ip and —Htocj) respectively. 
If and ipt are two Hamiltonian isotopies with Hamiltonian functions Ht and Gt 
then ipt ° is also a Hamiltonian isotopy with Hamiltonian function Ht + Gto ip^'^ . 
(see section 10 of {MS2) for proofs) 

So by calculating Hamiltonian functions of both sides of 

Cj) O Ipt O (p = -0"^ 

we see: 

{(f> o Ipt) o {4> o Ipt) — id and ipt fixes L <4> (/) o tpt o cj) — tp^^ and ipt fixes L 

4^ Ht o (p — Ht o Ipt and Ht \l— 
and so we get the desired result. 

□ 

We come back to proof of the theorem: 

Step 1: Consider the function i7^(a;,w*) — ^v*{A{v*)) defined on T*L where a 
is some constant and define H = Ha + Ha o </>. Lets (pt be the Hamiltonian flow of 
Ha then Hamiltonian flow of H is given hy ipt = ipt ° (/> ° ° 4> ^^^d define (pt to 
be (j)oipt. Then we have H = Ho<p = Hoipt because H is symmetric with respect 
to </) and is constant along flow of (pt- So conditions of previous lemma are satisfied 
and <pt is an anti-aymplectic involution. Since ipt and Lpt fix L so their linearization 
for each time t gives a linear map at each point of L, given by the equation: 

D^i(x,0)=(; 
and because 'Dipi{x^ 0) = T)pi o o TyLp^"^ o we get: 

Putting a = ^ we get the desired result. 

For moving to global picture we modify H to Ht such that Ht in some neigh- 
borhood of L is equal to H and outside some neighborhood is zero and also 
Ht o Ipt o (f) — Ht everywhere. From these we see that the Hamiltonian flow of 
Ht is localized along L and deforms (p to anti-symplectic involution <j) such that 
linearization of (p along L is equal to linearization of t. 

Step 2: Lets ip be the sympectomorphism defined in a neighborhood of L by 
ip — (p o T. Then ip is equal to identity outside a neighborhood of L , fixes L and 
its linearization along L is equal to identity. 

We first construct a symplectic isotopy ipt ■ UL — > T*L with following properties: 

(1) Ipt fixes L. 

(2) Ipt ° T is an anti symplectic involution. 

(3) ipo = identity and ipi — ip. 
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We define tpt in following way: Let Sr ■ UL — > T*L be the map given by {x, «*)—>■ 
{x, rv*) for constant number r>o G M. Define ipt '■— Rl o ip o ( for left hand side 
to be well defined one might need to reduce a little bit to a smaller domain). One 
can easily check that it has required properties. Note that because D{x)ip = id for 
each X G L we get -^f — > id as t — > 0. 

Now because H-^{L) = we know that this isotopy is a Hamiltonian isotopy 
given by some Hamiltonian function Ht- 

We know finish the proof of theorem by moving to global picture as follows: 

(1) From lemma [OV e know that Ht o 5t = Ht for St = i/jt ° t. 

(2) Consider a sequence of neighborhoods 14 C V2 C UL and modify Ht to an- 
other Hamiltonian function Gt such that Gt is equal to Ht in some compact 
neighborhood of L inside Vi . It is equal to zero outside V2 and GtoSt = Gt 
every where. 

(3) Lets ipt be the Hamiltonian isotopy given by Gt and consider (f>t :— 'ip^ o cj). 
Then (pi is equal to standard anti-symplectic involution r in a neighborhood 
of L and has the required properties, i.e. it can be obtained from (j) via a 
Hamiltonian isotopy. 

□ 

3. Effect of surgery on topology of 3-folds 

We devote this section to understand how does the topology of the symplectic 
manifold X changes when we perform the surgery given in previous section near a 
homological sphere Lagrangian. We will restrict ourself to Lagrangians of dimension 
three. The results of this section are not used in the proof of theorems given in the 
rest of the paper and so one can skip this section in the first time reading. 
In this section we will have following assumptions on the triple (X, ly, L) : 
(X, w) will be simply connected compact symplectic manifold of real dimension 
6, unless mentioned. L G X \s an embedded smooth Lagrangian diffeomorphic to 
either KP^ qj. g3 ^ 

3.1. 3-dimesnional sphere Lagrangians. Consider the hypersurface in CP'* 
given by equation 

{-zl + zl + zl + zl + Zl = Q\ [Zo, Z4] e CP^} (2) 

then the set of real points of this equation is a Lagrangian 

|/ = ...,2:4] I e M and ^xf = l| . (3) 

and we have a copy of inside that given by the set of points Zq = 0, which 
does not intersect with . Lets consider a neighborhood of C and a contact 
hypersurface Va as in section [2.11 Cutting along this hypersurface we get two sets 
with boundaries equal to Va, say UL which contains and UQ^ which contains . 
Then topologically the construction of X^ut from X can be described by removing 
a neighborhood UL oi L va X similar to that of above with boundary Va and 
filling it's place with a copy of UQ^ by matching corresponding points along the 
boundary. First lets look at the topology of , Q"^ and Va : 

(1) For Q'^ we have : It has the same Betti numbers as CP^ and H2{Q^, Z) is 
generated by class of a line in CP^. 
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(2) For we have : = CP^ x CP^ and its second homology class is 
generated by class of two set of lines on say [^o] and [Zi] with Zo • = 1 
and li • li = 0. 

(3) For Va we have : using the fact that tangent bundle of is trivial or using 
the Gysin Sequence for bundle tt : Vq — we get H2{Va,'Z) — Z and 
is generated by class of [Iq] — [li]; H3{Va, Z) = Z generated by a lift of 

to Va. 

Now lets write the Mayer- Vitories sequence for decomposition X — UL[J{X\L). 
UL retracts to L, UL O {X \ L) retracts to Va and if we set A := (X \ L) we get: 



0-^He{Va,Z) 




i^6(5'^Z){ 




HeiX,Z) 


hH^iVa,^) 


(«5J5) 


^^5(5^z){ 






hHi{Va,Z) 


(»4 J4) 


i^4(5^z){ 


DH4A,Z) 


H4X,Z) 


hH3{Va,Z) 


(«3J3) 


ff3(5^z)( 


^H^{A,1) 


i'H3{X,Z) 


^H2{Va,Z) 


(»2 ,32) 


i^2(5^z){ 


Bi/2(A,Z) 


i'H2{X,Z) 


^H,{Va,Z) 


jiljl) 


i^l(5^z){ 


Bi/i(A,Z) 


Hi{X,Z) 



Assume we know : H2 {X, Z) = i/^ 



(4) 



X,Z) = Z" and H3{X,Z) = Z'' which in 



Calabi-Yau case it means it has following Hodge- Diamond: 

1 


a 
1 c c 1 
a 

1 

where b ~ 2 + 2c. Also assume that L is non-trivial in H3{X). Considering 
these assumptions we calculate Homology groups of A. Since ^5 is surjective, and 
after substitution of known elements in first two rows of ^ we get : Hq {A, Z) = 
H5{A, Z) = 0. Also by our assumption 13 is surjective, so (j4|) splits and we get: 



^ H4{A, Z) H4{X, Z)%0 



(5) 



and 



^ H3{A,Z) ^ H3iX,Z) h H2{Va,Z) H H2iA,Z) ^ H2iX,Z) ^ (6) 



which means: 
and 



H4,{A,Z) = Hi{X,Z) = Z" 



0^H3{A,Z) -^Z''^Z^ff2(A,Z) 



Z° 



(7) 

(8) 



To understand the kernel of (— ^2) we have to understand image of j2- Since 
L is non trivial in H3{X) and has intersection by itself there should be another 
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element in H^{X) say L' (not necessarily Lagrangian ) having non-zero intersection 
by L say L ■ L' = m ^ 0. This means image of S2 is not zero, so j2 can produce at 
most torsion elements in H2{A) so we get: 



HsiA, Z) =Z''-\ 



(9) 



Note that we have a trivial map H2{X,Z) '-s- iJ2(^,Z), because by dimension 
reason any element in H2{X, Z) has a representative not interssecting L. 

Now we move to Xout and write the Mayer- Vitories decomposition for 
Xout = UQ^ U {Xout \Q^)- UQ^ retracts to Q^ (X^^t \ Q^) ^ A and their 
intersection retracts to Va so we get : 





Z) 


(ia-je) 


i^6(S'^Z)( 




> He {Xout , ^, 




Z) 


(i5j5) 




9i/5(AZ) '-^ 


iJs (Xout , Z 




Z) 


(»4,j4) 


Hi{Q^,Z) 


9i/4(A,Z) 


V H4{Xout, Z 




Z) 






9iJ3(A,Z) 


H^{Xout, Z 


^H2{Va, 


Z) 


(«2J2) 




5iJ2(A,Z) 


H2{Xout, Z 



(10) 



Substituting Known ones in (|10p we get: 



^5(-'^out) 

^Z ® z° 



^z '^^^z^ez- ®' torW '^-^^ 



i74(^o«t,Z) ^ Z ^ Z*-i ^ i73(^o«t,Z) (11) 

H2{Xout,Z)^0 

From (|lip we get two inequalities on rank of H2 and H4 : 

(1) rank i?2(^oWi)"°""*°''"'°" > a + 1 

(2) rank H4XoUty"'"-*°''''°'' <a + l 

and since they are equal we get: 

J^^^J^ ^non — torsion ^ JJ^^X ^nan — torsion ^ Z^^^ (1^) 



So at least at the level of non-torsion elements we have: 



H2{Xout, Z)""* ^ Hi{Xout, Z)"* — Z"^"'" ^^^^ 
Hz{Xout,'Z)^^ — Z*""^ 

which means under this surgery the second and forth Betti number increase by 
one and the 3rd Betti number decrease by two, so if Xout has a Kahler structure 
it's Hodge diamond will be: 
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1 


a+ 1 
1 c- 1 c- 1 1 
a + 1 

1 

That is because the canonical bundle Kx^^t is positive and so won't be zero. 

Also analyzing H2{Xout) we see : 7?2(Xo„t, Z)"""-*""^ ^ H2{X, Z) © Z • [/] which 
means non-torsion part of 2nd homology of Xout is generated by two type of ele- 
ments: 

(1) Those coming from X which have a representative not intersecting C 

Xout 

(2) One coming from the class of line (Both Class [Iq] and [Li] induce same 
class [I]) with [I] ■ Q'^ = -1 

In the case which L is trivial in 3rd Homology of X we can do similar calculations 
but we are only inetersted in this case. 

3.2. Real projective space Lagrangians. In this case and going through the 
same procedure we will get similar results, i.e. the change in Betti numbers will 
be same and also if there exist a Kahler structure on Xout then Hodge-diamond 
changes similraly with this difference that Xout will be a Calabi-Yau 3-fold. But 
some thing is different in this case wich leads to following theorem: 

Theorem 3.1. For even integer n — 2k, there is no compact smooth Calai-Yau 
manifold X of real dimension 2n, with Hi{X, 2)to''s»o" = Q, containing an embedded 
MP" as a Lagrangian manifold. 

Proof. Lets L ^ MP" be a Lagrangian submanifold in X. From theorem 12.31 3 we 
know that the first chern class of tangent bundle of almost Calabi-Yau manfold 
Xout obtained from X by surgery near L is : c^°"* = ^-^^ ■ PD{Da). So it would be 
enough to find an integral Homology class F e H2{Xout) having an odd intersection 
number with Da , i.e. F ■ Da = odd, because then we get c^°"' (P) ^ Z which is 
impossible since c^°"' is an integral Cohomology class. 

To achivc this consider the long exact sequence correponding to pair {X,L): 
... H2{X,Z) H2{X,L) Hi{L,Z) Hi{X,Z)... 

Substituting Hi{L) = Z2 and using the fact that Hi{X, Z)*°"*°" = we get 

... ^ H2{X,Z) ^ H2{X,L) ^ Z2 ^ 

Lets define an odd class in H2{X, L) to be one which has non zero image in Hi{L), 
and lets /3 G H2{X,L) be an odd class. From /3 we will construct a Homology 
class Fp^k G H2{Xout,'^) intersecting Da in k number of points where k is an odd 
number. 
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As before we can decompose Xout as a union of two open sets UDa and A where 
A = Xout \ Da = X \ L and UDa is a neighborhood of Da which retracts to Da- 
We know U Da H A retracts to Va where Va is the bundle over Da correponding 
to normal vectors of unit lenght. The odd class (3 £ H2{X,L) gives a relative 
homology class /3 £ H2{A,Va) = H2(X,L) whose boundary d/3 e Hi(Va) = Z2 is 
the non trivial element in Z2. But dUDa = Va and Hi{Da) = 0, so there is a disc 
in UDa filling d/3. The disc can be chosen such that it intersects Da in one point, 
infact UDa is diffeomorphic to a neighborhood of quadratic hypersurface Q"^^ in 
CP", so if we consider the class of line [I] in CP", it has intersectin number two 
with We then can split this projective line into two pieces where each of them 

is a disc intersecting Q""^ at one point and this gives the disc we want. Attaching 
this disc to (3 along the boundary gives a Homology class in H2(Xout,'^) which we 
call it Fjs^i and has intersection number equal to 1 with Da in Xout- For any other 
A: = 2s + 1 we define P^^^ to be the class of P/3.1 — s • [Z] where [/] is the class of line 
in Da ^ C Xout- Note that when n = 3 there are two different class of lines 

in Da which are the same, when considered as a class in H2{Xout,'^)- 

□ 

4. Proofs and discussion of main results 

In this section we will prove the theorems 11.11 and 11.21 first and at the end of 
section we give a short explanation of conjecture II .11 Although the essence of both 
theorems 11.11 and ll.2l is the same but we will need different techniques for the proof 
of each one. In the first one we will simply use the classical techniques discussed 
in chapter 3 of the book of McDuff and Salamon |MS1) , but for the second one we 
will use Kuranishi structure on moduli spaces which is the base ingeredient of the 
book |F000] . One can find the appendix in |Jake| as a quick reference to study 
Kuranishi structures. It is also possible to prove theorem 11.21 using perturbed 
Cauchy-Riemann equations, but we prefer to use more general notion of virtual 
class and Kuranishi structure here. 

4.1. Proof of theorem ll.li 

Proof- 11.11 In This Section we will prove the Theorer dl.il in two main steps. 
Consider the situation of Theorem 11.11 Following section 12.21 from the triple 
(X^",u',P") we can construct a singular symplectic manifold Xq = Xm Ud^ Xout 
which is made of two smooth symplectic manifolds {Xin,Win) and {Xout, w out) in- 
tersecting along a common divisor Da] and also a smooth symplectic fiberation 
■K : Z ^ Is. whose fiber over zero is Xq. By the result of Theorems 12.21 3 we know 
that cf = ~(n - 2) • PD{Da) where PD{Da) means Poincare dual of symplectic 
divisor Da. Consider Xout and let J^^omp '-'^ almost complex struc- 

tures J of class C' on Xout compatible with Da and Z, where compatible means J 
maps the tangent space of Da to itself and can be extended to an almost complex 
structure Jz on Z compatible with fibration. It is shown in |IP2j lemma 2.3 that 
this space is non empty; and more than that, if we deform such an almost complex 
structure to another one, outside a neighborhood of singular locus, we again can 
get an almost complex structure in this space, which means we can extend it to 
the fiberation. Pick J G Ji^comp and A g H2{Xout,^) and let M*{Xout,J,A) be 
the moduli space of all J-holomorphic spheres representing class A € H2 {Xout , , 
where * means we consider only those J-holomorphic curves wich are somewhere 
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injective (not multiple cover) and intersect Da at a descrete set of points (they are 
not map into Da). But if [A] ■ [Da] ~ s > and rt > 2, we get: 

virtual dimension of M*{Xout, J, A) = 2(n - 3) + ~2{n - 2) ■ s < 

So it would be reasonable to expect Ai*{Xout; J, A) to be empty for a generic J. 
Actually we prove (step 1): 

Theorem 4.1. There is a subset of second category in JTi^comp, say J'^ '^s such that 
for any J G J'^'^s g^^id any class A € H2{Xout, 2) with [A] ■ [Da] = s > 0, the moduli 
spaces A4* (X out, J, A) is empty. 

Proof. We will essentially follow the proof of transversality theorem in [MS II . Lets 
first consider the moduh space M* {Xout, Ji.comp, A) of all maps u : CP^ — > X 
which are J-holomorphic for some J £ Ji,comp and represent class [A\. We will 
prove that linearization of Cauchy-Riemann equation is transversal for this moduli 
space. 

Lemma 4.1. Linearization of Cauchy-Riemann operator : 

Du,j ■■ W''-P{CP\u*TX)xTjJi,comp ^ W''-^-P{CP\u*TX®jnY) p > 2; fc > 1 

(14) 

given by equation : 

Du,j{C, Y) = LujiO + lY{u)du o j 

i^u,j(o = ve + jv^oj 

is surjective for any (u, J) G M*{Xouti Ji.comp, A). 

Proof. Du,j is Fredholm so it suffices to prove it has a dense image. We may assume 
fc = 1, so if it's image is not dense, then there exist : 

T^£L\u*TXout®^y) - + - = 1 

p q 

such that: 

j < V,Du,j{i,Y) > dvolcpi = 

so we get : 

(1) J <7],Lu,jiO> dvolcpi=0 

and 

(2) J < ri,Y{u)duo j > dvolcpi^O- (15) 

By regularity theorems for elliptic operators and from (1) we get is of class W^'^ 
(so continous) and L* jry = 0. 

Since u is some-where injective so the set of injective points are open dense in 
CP^. Also we know that u has finit intersection with Da, so we can find a dense 
open set of injective points zq £ CP^ such that: 

u{zo) ^ Da; du{zo) ^ 0; u^^ o (u(zo)) = zq 
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We will prove that rj vanishes at such zq, which then proves 77 is almost everywhere 
zero and so is zero. Suppose 77(20) 7^ then by Lemma 3.2.2 in [MS 2] we can 
construct an endomorphism Yq G End{Ti^(^^g-jXout) such that : 

(1) YJ+JY^O 

(2) w^^,^,){YtC) + Wuizo)itYO ^ Ve,C T„(,„)X„„t 

(3) {v{zo),Yodu{zo)oj{zo))>0 

Now extend Iq to F G T{End{TXout)) in a neighborhood Uu{zo) of u(zo) G Xout 
satisfying the conditions (1) and (2) above (i.e. Y is tangent to TJ) such that 
Y{u{zo)) = Fo and Uu{zo)^Da = 0. So by reducing Uu{zo) to a smaller neighborhood 
U' , N we may assume: 

• t^~^(C^'i(2Q)) is a small neighborhood of zq in CP^. (Since Zq is injective point) 

• (7?(2), YQdu{z) o j{z)) > for any z G u-^iW^^^^^) 

Multiplying such Y with a bump function supported in U^^^^-^ we get a F G 
TJi^comp- That is because support of Y is disjoint from Da and so does not affect 
the compatibility conditions of J. This contradicts the assumption in eauation ljlSp 
and so we see Du,j is surjective. □ 

Now consider the map tt : M.*[Xout, Ji,comp, A) — )■ Ji^comp- dir is Fredholm and 
its kernel and cokernel are equal to kernel and cokernel of Lu,j- Hence by the Sard- 
smale theorem whenever / — 2 > > index{Luj): the set of regular values of tt is 
of second category. But a regular value J G J^'^^ for d-K, means Lu,j is surjective 
and so for such J , M*[Xout, J, A) will be a negative dimensional smooth moduli 
space and so empty. Intersecting along all curve classes A ^ H2 [Xout , Z) we will 
find a dense set of compatible almost complex structures for which all the moduli 
spaces M*{Xout, J, A) with [A] ■ [Da] = s > are empty. □ 

Step 2 : We use the theorem 14.11 to prove theorem 11.11 in the following way: 

Pick an almost complex structure Jout in Jlx^^ and extend it to an almost 
complex structure Jg on Z, compatible with fiberation, which means Jz induces 
an almost complex structure J\ on each fiber X\ = 7r~^(A). For A — 0, Ja can 
be viewed as a sequence of almost complex structures on X converging to singular 
almost complex structure Jq. 

Fix some positive constant E as in theorem 1 1.1 1 and consider all the moduli spaces 
of JA-holomorphic discs with boundary on L, M{X\, L, J\, /3), for all (3 G H2{X, L) 
with wx{l3) < E. Suppose that there is sequence {Ai}^^, such that for at least one 
Pi with wx^{(3i) < E, the the moduli space M{X\.,L,J\.,(3i) is non-empty and 
has at least one element ux- . Note that ux^ is not requested to be smooth and is an 
element in compactification of moduli space. This sequence can be considered as a 
sequence of Jg-holomorphic dies in Z and we have a energy bound for symplectic 
area of sequence ux^- Although Z is not compact but the sequnce uxi lives in a 
compact neighborhood in Z and so we may apply Gromov- Compactness theorem 
to the sequence ux^ as a sequence of Jg-holomorphic discs in Z and get : 

Theorem 4.2. (Gromov-Compactness) 

(a) Given any sequence ux^ : Yn ^ Z oj Jxi-holomorphic discs in Z, with 
E{uXi) < ''"G can pass to a subsequence and find: 
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(1) a bubble domain B with resolution r : E — )• and 

(2) diffeomorphisms of Ei preserving the orientation, 
so that the modified subsequence {u\. o i/jj) converges to a limit 

E A S ^ 

where uq is a stable J^-holomorphic map inside Xq. This convergence is in , in 
on compact sets not intersecting the collapsing curves 7 of the resolution r, and 
the energy is preserved in the limit. 

Furthermore: 

(b) Any component of has image either in Xin or Xout (and may be in Da). 

(c) There is at least one component mapped inside Xout intersecting Da in a non 
empty discrete set. 

Proof. Part (a) is just the standard Gromov-Compactness theorem for a sequence 
inside Z (c.f [M5T] Section 4 and 5). 

Part (b): Consider a component of uq, say uqi, which is either a Jg-holomorphic 
sphere or a disc with boundary on L C X^^ {L n Da = 0). Suppose that uoi is not 
mapped into Da so it is mapped entirely in one of Xin or Xout or it intersects Da 
in some curve 7 C Da , but the later one is impossible since tangent bundle of Da 
is invariant under Jo- 

Part (c): Each has non empty intersection with L so uo has non empty 
intersection with L C Xin {LODa = 0) which means there is a non-zero component 
Uin of uq mapped into Xin. Consider contact hypersurfaces Va+e for e > in 
X. After performing symplectic cut along Va as in section [2TT] we get a copy of 
contact hypersurfaces Va+e in Xout which is the boundary of normal disc bundle of 
Da C Xout- Each ux. has non empty intersection with Va+e because the symplectic 
form inside the neighborhood surrounded by Va is exact and so there is no J\^- 
holomorphic disc completely inside that. This shows that the limit curve uq has also 
non empty inetrsection with Va+e C Xout and so it must have a component in Xout 
not embedded in Da C Xout- This component intersect Da in non empty discrete 
set of points due to the fact that image is connected and has one component in Xin- 
Actually we are using the known fact that near intersection point, the behavior is 
similar to that of real holomorphic objects. □ 

Comming back to proof of theorem 1 we see that part (c) of previous theorem 
gives a contradiction because by choice of Jo there is no Jo-holomorphic sphere in 
Xout intersecting Da in non empty set of points. So our assumption was wrong and 
for some A', M{X, L, Jy , f3) is empty for all f3 with w{f3) < E. Again because of 
Gromov Convergence theorem this also holds for some neighborhood Ue of Jy E 
Jx- This finishes the proof of theoren fTTTl □ 



4.2. Proof of theorem 11.21 In this case we have one more information which is 
the anti-symplectic involution. So we have the tuple (X, L, 0), where (X, w) is an 
almost Calabi-Yau symplectic manifold of real dimension six. L is a Lagrangian in 
X diffeomorphic to and is an anti-symplectic involution on X with L C fix{(f>). 
As a result of theorem l2.4l we may assume that (f) is equal to standard anti-symplectic 
involution near L and so from the discussion in remark 12.51 we know that we can 
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construct a smooth symplectic fibration tt : Z — > A which admits an anti-symplcctic 
involution c/fz mapping fiber over A to fiber over A. Also (jjo — (pz \xq induces anti- 
symplectic involutions on each component Xin and Xout, say 4>in and (pout, which 
both map Da to itself and 4'out has no fixed point. 

If we try to prove this theorem in the same way we proved theorem II. li we fail, 
because we can not prove the transversality at those Jout-holomorphic curves u : 
CP^ -> Xout, whose image is invariant under action of 4>out, because we are allowed 
to use only symmetric almost complex structures. So we need a new method. We 
will use the Kuranishi structure on moduli spaces and multi sections to construct 
the virtual class. A good source for studying Kuranishi structure is the the appendix 
Al in the book [FOOOj . 

For the proof we use the fiberation above with centeral fiber Xq, and we fix a 
complex structure Jz on Z which is compatible with anti-symplectic involution 
cpz and fibration. So in this way and if we just look at 7r~"'^([0, 1]) (assuming A 
is the whole unit disk ), we get a family of symplectic manifolds Xt for t e [0, 1], 
where for < 7^ 0, the fiber is smooth and symplectically isotopic to X and fiber 
over zero is the singular symplectic manifold Xq. Also for each t, we have an 
anti-symplectic involution (pt on Xt fixing the Lagrangian such that for non zero t 
it is the original anti-symplectic involution we had on X and an almost complex 
structure Jt comptible with that. 

Fix some class /3 S H2{X,L) and let M{f3, {Jt} , (0, 1]) be the moduli space of 
all Jt-holomorphic discs in Xt for t G (0, 1] and in class (3. This is a moduli space 
with virtual dimension one, and each slice is a moduli space of virtual dimension 
zero. 

We first need to compactify this moduli space at time zero. This compactification 
is provided by Gromov Compactness theorem 14.21 Where each limit curve can be 
modeled over a bubble domain with components either in Xin, Xout ,or inside Da- 

In this section and in construction of Kuranishi structure and also in the formu- 
lation of conjecture 11.11 we need a more precise version of theorem 14.21 for gluing 
which will be discussed later 

So up to this point we have the compact moduli space A^(/3, {Jt} , [0, 1]) which 
has two kind of boundaries: 

(1) Boundary at t = and t = 1. 

(2) Boundary components at the middle which corresponds to two types of 
degeneration at co-dimension one of type (I) and (II) discussed before. 

In What follows we first discuss the Kuranishi Structure on M{(3, {Jt} , [0, 1]). We 
then get rid of boundary components in the middle and construct another moduli 
space 7Vl(/3, {Jt} , [0, 1]), which is obtained by identifying various boundary compo- 
nents at the middle. So M{f3, {Jt} , [0, 1]) would have just boundaries at i = 0, 1. 
We then construct the virtual foundamental class of this moduli space with bound- 
aries at t = 0, 1. The last step is to show that for generic perturbation the boundary 
at i = will be empty and so virtual class Ji )]"*'"* is a boundary which means 
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-Kuranishi structure, review: 

Let be a compact space. A Kuranishi chart is {Va, Ea,^a,i^a, Sa) which 
satisfies following: 

(1) is a smooth manifold, possibly with boundaries and corners and is a 

finit group acting on Va effectively. 

(2) TTa '■ Ea Va IS & finite dimensional vector bundle. acts on it and tTq 
is equivariant. 

(3) Sq, is a Fa-equivariant section of Ea. 

(4) tpa '■ s^^(0)/Fo, M is a homeomorphism to a an open subset of M. For 
p e Va(Sa^(0)/r„), {Va, Ea,Ta,ipa, ^a) is Said to be a Kuranishi neighbor- 
hood of p. 

Then if [Va^ , Ea^ , F^^ , tpai , Sa^ ) are two neighborhoods of a point p, we 
have a Kuranishi change of coordinates, which is the set of data: 

(5) ha^a2 '■ — >■ Fq,2, which is an injective homomorphism. 

(6) 4>aia2 '■ K*ia2 ~^ ^a2i which is an equivariant smooth embedding and in- 
duces an injective map ^c«ic«2 • ^102/^01 — Va^l^a^- 

(7) ((/>Qi 02; 02)1 which is an /ic«ia2 equivaiant embedding of vector bundles 
Eat Ea.2 and 

(8) 4'aia2 ° 'Sqi =_Sa2 ° <f'Q;iQ;2- 

(9) -0ai = V'a2 ° 0aia2- 

(10) The map /Iq;jc«2 

restricts to an isomorphism {Tocr)x (Fot2)<t>oc',oc2{x) 

(11) VaiCvVraJ n ^a2{Sall^a2) = V-ai ((v' H Va,a2)/^at) 

Then a Kuranishi structure on Ai, is made of a system of kuranishi charts 
(similar to definition of manifold) and transition maps between them. 

Definition 4. 1 . A Kuranishi structure on M. assigns a Kuranishi chart (V^ Ta , V' 
for each p € M and a coordinate change {^qp, (j)qp, hqp) for each q G ipp{s~^{0)/Tp) 
such that the following holds: 

(1) dim Vp— rankiJp is independent of p (=virtual dimension of A^). 

(2) For another point r G ''PqiiVpq fl s~^(0))/r,), there exists -jpqr € Fp such 
that: 

hpq O hqr = 'fpqr ' ^pr ' Tpqr ' ^pq ^ ^qr ~ 'Jpqr ' ^pr ) ^pq ^ 4^qr ~ ^pqr ' 4^pr • 

In the case Vp has boundary or corner, we say Kuranishi structure has boundary 
or corner. 

For A4 with Kuranishi structure and two Kuranishi charts as above, lets consider 
the normal bundle A^<^„2£>i(^"i)^a2- The fiber derivative of the Kuranishi map 
gives a homomorphism: 

dfiher^OL2 * -^</>a2CKi (V"ai )^^2 ^ Ea2 \im4>(X2C(i 

which is ha2ai equivariant. A space with Kuaranishi structure is said to have 
tangent bundle if dfn,erSai gives a bundle isomorphism : 

E^. 
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A Kuranishi space by definition is then a space with a Kuarnishi structure which 
has tangent bundle. 

Also we call a Kuranishi space orientable if Va and Ea are oriented and the 
isomorphism given above pereserves the orientation. 

When constructiong Kuranishi structure for moduli spaces, one can think of 
points in M as J-holomorphic curves; Sp will be the Cauchy-Riemann equation dj; 
Ep, an enlargement of cokernel of linearization of dj and l^; as a set of maps which 
arc almost J-holomorphic. 

Definition 4.2. For a Kuranishi space A4 as above, and a manifold Y. A strongly 
continous map f : M. ^ Y means a sequence of maps {/«} of Fcj-equivariant maps 
fa'-Va^Y such that: 

fai O 4'aia2 — fa^ 

on When y is a smooth manifold, a strongly continous map f : M. ^ Y ]s 

smooth if all fa are smooth and is said to be weakly submersive if each of fa is a 
submersion. 

We know explain the construction of virtual fundamental class for a Kuranishi 
space: 

The idea is to perturb the kuranishi map s to another one s which is transversal 
and then glue different components of together to get the foundamental chain. 
For this purpose we need the notion of multisections. Let {V, E, F, s) be one of 
(Va, Ea,Ta, Sa) we had before. Define i?" to be direct sum of n copy of E. The 
symmetric group of order n, Sn acts on it and let S"(E) be the quotient space 
i?"/S'„. Action of F induces an action on quotient space and the map 
defined by: 

{^1 , • • • , Xji^ ^ , • • • , Xi, X2 , ' ' ' , X2 , * * * , X^i, ' ' ' 1 Xj^^ 

induces a F-equivariant map S"-{E) — >• S""^{E). 

Definition 4.3. An n-multiscction s oi it : E ^ V is a F-cquivariant map V ^■ 
S'^{E). It is said to be liftable if it can be lifted to a section s : V E", not 
necessarily equivariant. If s is an n-multisection then it can also be considered as a 
nm-multisection via map given above. An n-multisection and an m-multisecttion 
are said to be equivalent if their corresponding nm-multisections coincide to each 
other. An equivalence class of multisetions is said to be a multisection. 

A liftable multisection is said to be transversal to zero if each of its branch is 
transversal to zero. 

A family of multisections is said to converge to s as e if there exists n such 
that is represented by an n-multisection s" and s" converges to a representative 
of s. 

Then intuitively the foundamental class of Ai is constructed by considering the 
zero section of a set of transversal multisections s^, e-close to Sa, which are com- 
patible with change of coordinates and gluing them together. 

The next thing which will be very important in the proof is the fiber product of 
Kuranishi spaces. Lets A4^ and Ad'^ be two Kuranishi spaces and fi : M.'^ — >■ F be 
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two smooth strongly continuous submersive maps. We can then consider the fiber 
product 

XyM^ 

given by set of points {{pi,P2) \ = f2iP2)}- We can define a Kuranishi struc- 

ture on A^^ Xy as follows: 

Definition 4.4. Let p— {pi,p2) € Xy and Vp. be Kuranishi charts around 
Pi. We put: 

Vr-^ |(a^i,a;2) e n^;, I = flix2)^ . 

Since /p. are submersions, it follows that is a smooth manifold for each p. We 
put := OiEp. , and Fj^ :— Yii T^. . We define sp and ^/ip- in a similar way. 

Then it is true that if the Kuranishi strcutures on Mi have tangent bundle, so 
does the Kuranishi structure on Ai^ Xy A4^, and also if Y and A4i are oriented, 
so is Xy M"^. 

We can define a Kuranishi structure on fiber product of more than two spaces 
in a similar way. 

We next define the action of a finite group on a space with Kuranishi structure. 
Let : M. M. he & homeomorphism of Kuranishi space M. . We say ip induces 
an automorphism of Kuranishi structure of the following holds: 

for q — ip{p) and two Kuranishi charts (Vp, Ep, Tp, ipp, Sp) and (Vg, E'q, F^, ipq, Sq) 
around p and q respectively, there exists pp : Tp ^ Tq, Lpp : Vp ^ Vq, and (pp : 
Ep — > Eq such that : 

(1) /dp is an isomorphism of groups. 

(2) ipp is a Pp equivariant diffeomorphism. 

(3) ifp is a Pp equivariant bundle isomorphism covering Lpp. 

(4) Sq O ipp = ifpO Sp. 

(5) the restriction of ipp to Sp^(O) induces a homeomorphism Sp^{0)/Tp — > 
Sq^{0)/Tq, which we call it (pp and we have tpq o ipp = ip o t/jp. 

We also assume that {pp, ipp, (pp) are compatible with coordinate changes 
of Kuranishi structure in following sense: 

For q e ?/;p(Sp i(0)/Fp) and q' € ijjp'{.3p}{0)/Tp,) such that p{p) = p' and 
p{q) ^ q' 

(6) Pp O hpq = 7p,p-,- • {hp'q, O pq) ■ 7p^p,^,. 

(7) Pp O (j)pq = Jpqp'q' ■ {(jiy q> O Pq). 

(8) Pp O 4)pq = -1pqp'q> ■ {(f>p' q> O Pq). 

In practice we will see a group action on Kuranishi structure of moduli spaces 
comming from the anti-symplectic involution. 

After this short introduction to subject we will continue by stating main theorems 
we need to prove theorem II. 21 

Proposition 4.3. A4{/3, {Jt} , [0, 1]) has a topology with respect to which it is com- 
pact and Hausdorff. It has an oriented Kuranishi structure with boundary of virtual 
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dimension one with respect to which the map tt : { Jt} , [0, 1]) — > [0,1] is a 

smooth strongly conyinuous and is weakly submersive. 

Furthermore The boundary of A4{/3, {Jt} ,[0,1]) except Tr~^(0) and Tr~^{l) cor- 
responds to moduli spaces 

Ml{l3i, {Jt} , (0, l))e. Xe. Ml(/32, {Jt} , (0, 1)) /3i + /?2 = /3 

and 

Xf°-''(/3,{JJ,(0,l))e„xL 

via gluing maps 

fltue : Miil3i, {Jt} , (0, 1))^. x^. X(/3, { JJ , (0, 1)) ^ aX(/3, { JJ , [0, 1]) 

and 

dop : Mf^'^i^, {Jt} , (0, l))e„ X L ^ dM{l3, {Jt} , [0, 1]) 

such that the Kuranishi structure onM.i{f3i, {Jt} , (0, l))eu Xei;A^i(/?, {Jt} , (0, 1)) 
and Aif°'''^'^{/3, { Jt} , (0, l))e« x L coincides with the pull-back of induced Kuranishi 
structure on dM{P, {Jt} , [0,1]). 

Note that in the above fiber products and in the first one we are considering eval- 
uation maps at boundary marked points, while in the second one we are considering 
moduli space of J-holomorphic spheres in class /3 where /3 is the corresponding sec- 
ond homology class to /3 via the map H2{X) —>■ H2{X, S^) and the evaluation 
map is evaluation at a marked point on CP^. 

Proof. The statement and the proof of this proposition is identical to that of propo- 
sitions 7.1.1 and 7.2.2 in [FOOOj . except some modification which we will discuss 
bellow. 

Proof of propositions 7.1.1 and 7.1.2 in jFOOOj is composed of two parts. They 
first consider the subset A^'"""(/3, { JJ , [0, 1]) of A^(/3, { JJ , [0, 1]) which is com- 
posed of smooth maps and construct Kuranishi neighborhoods for them. Then they 
consider the points in X(/3, { JJ , [0, 1]) \ { JJ , [0, 1]) which is a union of 

different strata of singular J-holomorphic discs and using a gluing theorem, con- 
struct Kuranishi neighborhoods near these points. 

The only additional terms that we have here and we have to take care of them 
are elements in 7r^^(0). We first describe these elements in detail and then after 
borrowing a gluing theorem from [IP2j we can construct Kuranishi neighborhoods 
near points of 7r~^(0) in a similar way it is constrcuted in the proof of propositions 
7.1.1 and 7.1.2 in |F000] . 

From the the compactness theorem 14.21 in proof of theorem II. li we know that 
the elements of 7r^^(0) are nodal J-holomorphic discs including components both 
in and Xgy^t and may be in Da = Xin (^Xguf But not any element of this form 
can be limit of a sequence of J-holomorphic discs. Fot this reason we need a better 
underatanding of limit curves in Xq. 

A limit curve in Xq is called regular if it has no component in Da. To get a 
better understanding of non-regular curves we will look at limiting procedure again. 
Consider a Jo-holomorphic disc in limit, mq, then uo is a limit of Jt-holomorphic 
discs ut. For non trivial Jo-holomorphic discs mapped into Da, there is some lower 
bound on the energy, say ao. It is shown in section 3 of [IP 2] that if the amount 
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of energy of maps ut, concentrated in the neck is less than ao then the hmit curve 
has no component in Da- In the same way that we defined Xq we can define 
similar singular symplectic manifolds, say ^^^q^' ' ''^^ which is obtained by cutting 
X along fc + 1 hypersurafces Va^,- ■ ■ ,Kfc+i- So Xq is simply Xq. Such singular 
symplectic manifolds are composed of A: + 2 components where two of them are 
simply Xin and Xout, which we had before, and the other k components in the 
middle are all symplectic manifolds similar to F{Nq2 © C), where F{Nq2 ® C) is 
the projectivization of normal bundle of a two dimensional quadratic hypersurface 
inside the three dimensional quadratic hypersurface inside CP*. This is a CP^ 
liberation over We will simply denote P(7V^2 © C) by Pd and define X*^ to 
be Xin Ud Pd--- Ud Pd Ud Xout- It is shown in section. 6 of jlPlj that for any 
limit curve there is some minimum k such that it can be reperesented by a regular 
nodal Jo-holomorphic map inside Xq where here again regular means there is no 
component mapped into the intersection divisors. Such map is called to be in layer 
k. In this way one can stratify the space of limit maps depending on their layer 
strucutre and intersection pattern s, along the divisor Da- From what we have said 
we can conclude: 

Proposition 4.4. We denote by M{/3, Jq, Xq) the space of nodal Jq holomorphic 
discs in class /? which arise as limit of Jt -holomorphic discs in same class. This 
space can be stratified by the layer structure and intersection pattern along common 
divisor and we can write 

M{P,Jo,Xo)=\jM''^''il3,Jo,X^) 

where each Ai^'''{f3, Jq, Xq) can be written as a union of fiber product of moduli 
spaces in Xin, Xout and Pd^ and there is at least one component in each of Xin and 
Xout involved, intersecting Da disceretly. i.e 

M-^^^--3^P,Jq,X^) = 

{\jM''^^{A,,Xout,Da))ev Xef(|jA^'"n^J,^I3j)e. X • • • (|J X^^" , X„ , Z?,)) 
i j I 

where all moduli spaces involved there are moduli space of Jo-holomorphic spheres 
except one which is a moduli of J q -holomorphic discs in Xin with boundary on 
C Xin. Again here "reg" means that we are considering those curves which are 
not mapped into intersection divisor. 

Then to construct Kuranishi structure on Jo, Xout) , we can first construct 

Kuranishi structures on invidual components involved in fiber product and then 
conaider the Kuranishi structure on M{P, Jq, Xout) as a fiber product of Kuranishi 
structures. 

Next job is to construct Kuranishi neighborhoods for limit curves in A^(/3, Jq, Xout) 
as elements in A^(/3, { Jt} , [0, 1]) which are elements in 7r~^(0). For this goal we 
need a gluing theorem to extend Kuranishi neighborhoods of M{13, Jo, Xout) to 
Kuranishi neighborhoods in A^(/3, {Jt} , [0, 1]). This gluing theorem is provided by 
proposition 9.4 and 10.1 in [IP2 1 . recalling that gluing theorem we have: 

Proposition 4.5. The Kuranishi structure on A4{P, {Jt} , [0, 1]) can be constructed 
in a way such that the boundary at 7r^^(0) corresponds to \s\-covering of moduli 
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spaces 

via a gluing map 

^giue- 7W^''=(/3, Jo,Xo) ^ aM(/3,{Jt},[0,l]) 

such that the pull-hack Kuranishi structure on 
via covering map, coincides with the pull-back of induced Kuranishi structure on 

ax(/3,{jj,[o,i]). 

Here \s\ means the product of multiplicities at each itersection point along Da- 
Remark 4.1. It is also easy to show that Kuranishi structure on A^(/3, {Jt] , [0, 1]) 
can be chosen in way to be compatible with boundary component aX t = 1. And 
so up to this point we have a Kuranishi structure on A^(/3, {J*} , [0, 1]) which is 
compatible with Kuranishi structures on its boundary components. 

Before we bring the anti-symplectic involution into the story we would like to 
mention the key ingeredient of proof of theorem 11.21 at this point. 

Following proposition is proved in section 7.2 of [FOOOj and corollary 5.1 of 
}FO-CYC] . 

Proposition 4.6. The family of transversal multisections for M{(3, {Jt} , [0, 1]) 
and other moduli spaces involved in the fiber products of moduli spaces above can 
be chosen in a way such that coincides with the fiber product of family of multi- 
sections of components of fiber product. 

From this we get an important result: 

lets [Ai{(3,{Jt} ,[0,1])Y' be the foundamental class constructed from s^. This 
is a 1-cycle with boundaries at t = 0, 1 and also at the middle. I want to show 
that boundary at t = is empty. But the boundary points Sg |(=o correspond to 
zero locus of family of multisections on A^*'''(/3, Jo,Xo) for various s and k. Each 
of these moduli spaces is a fiber product of various moduli spaces where one of 
them is a moduli space of the form Ai{A, Jq, Xout) for some second homology class 
A g H2{Xout, with A-Da > 0. As before this means that virtual dimension of this 
component is negative and so the zero locus of transversal family of multisections on 
this component is empty and by compatibility we get that the zero locus of family 
of multisections on M''''''{(3, Jq, Xq) is empty and so [A^ { Jt} , [0, 1])]^" |t=o is 
empty. So [M{l3, {Jt} , [0, 1])]''' has boundary components only at the middle and 
t = 1. 

The next step is to get rid of boundary components at the middle by using the 
anti-symplectic invoultion we have on Z and the ideas discussed in |Jake] , chapter 
5. 
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From now on we will restrict ourself to relative homology classes f3 e 112 (X, S'^). 
Note that S'^ is an oriented 3-dimensional manifold and so spin. We fix an orienta- 
tion and spin structure on it. This gives an orientaion on moduli spaces Aik,i{P, X). 
We denote by A^™''™(/3, {Jt] , [0, 1]) to be the subset of smooth maps. For a map 
u:D^^Zin X™"™(/3, {Jt} , [0, 1]) lets be the map given by (pz o u{z). This 
is again an element of {Jt} ,[0, 1]). Because C X is in the fixed point 

set and so the map 0* preserves the spin structure and so both u and are in 
the same moduli spaces with same orientaions. Then we have following theorem: 



Theorem 4.7. (Thm 4.9 in [F03] ) 

The map : { JJ , [0, 1]) -> X^f™(/3, { JJ , [0, 1]) extends to a map 



It preserves the orientation if and only if k + I is even. Furthermore it can be 
regarded as an involution on the space M.k,i{P, {Jt} , [0, 1]) with Kuranishi structure. 

In this sense we can consider moduli spaces A^fc^;(/3, { Jt} , [0, 1]) as Kuranishi 
spaces with group action on them, and also the family of multisections can be 
chosen in a compatible way. Now consider following maps sending middle boundary 
components to middle boundary components of A^(/3, { Jt} , [0, 1]). 

As we discussed before there two types of middle boundaries: 



For the first one we consider the map ipbubUe which is given by identity on the 
first component and 0* on the second compoent. For the second one we consider 0, 
itself. Then as result of theorem above we see that both these maps are orientation 
reversing mapping boundary components to boundary components and so we can 
define: 

{Jt} , [0, 1]) := M{P, { Jt} , [0, 1])/ given by (^bubble and above. 

So We get the moduli space 7W(/3, { Jt} , [0, 1]) with boundaries only at i = 
0,1. This is the method used in |Jake] . (section 5), to define invariants. But 
we showed that for a general compatible choice of family of multisections s^, the 
boundary at < = is empty so from this we can construct a foundametal 1-cycle 
[A4{l3, {Jt} , [0, 1])]^' which has bounadry points only at t = 1. But by compatiblity 
we have 



denoted by the same symbol: 



: MkAl3, {Jt} , [0, 1]) ^ MkAl3, {Jt} , [0, 1]) 



• { Jt}, (0, l))e. Xe„Xi(/32,{Jt}, (0,1)) /3i + /32 = /? and 

. ^f°-'^(^,{Jt},(0,l))e„ xL 



n: 



sym 



signed sum of points in [A4{I3, {Jt} , [0, 1])]^^ \t^i 



and so 




■sym 



d[M{f3,{Jt}Ao,iW' = o 



This finishes the proof of theorem 11.21 



□ 
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4.3. Conjecture [TTTl The whole idea again is to use the symplectic sum fiberation 
TT : Z — > A we constructed before which borrows an anti-symplectic involution 
from X, and mix it with a sum- formula similar to one in [IP 2] relating the GW 
invariants of Xin and Xout to that of X . Note that, only one component of a nodal 
Jo-holomorphic discs in Xq is a Jg-holomorphic disc and it lies in Xin = CP'^ with 
boundary on MP^ which is disjoint from intersection divisor. So the only modulies 
in Xout which will be involved correspond to close curves. To drive such formula 
one has to : 

• determine the possible patterns of nodal Jo-holomorphic discs in Xq which 
contribute. These patterns can be modeled over trees with some labehngs. 

• calculate the relevant open and closed GW invariants in CP^ which con- 
tribute to sum- formula. These numbers appear as coeficients in the formula. 

• Find the correct formula for open GW invariants Np™ in terms of numbers 
caculated in previous step and GW invariants of Xout 

The homology classes in H2{Xout,'Z) which will contribute are those elements P^,fe 
which we constructed in the proof of theorem 13. II 

Let me finish by giving a simple example: 

Suppose X is Quintic and let Xout be the corresponding almost Calabi-Yau. 
Then for degree one holomorphic discs we know = 30 (see [Jake] ) where n-^ is the 
open GW invariant counting number of degree one J-holomorphic discs in Quintic. 
The only possible pattern for limit of a degree one disc is a nodal Jg-holomorphic 
disc inside Xq composed of two components intersecting along a single point on Da, 
where the component in X.^ is in class of generator of H-ziCP'^, M.P^) — Z and the 
component in Xout is in class Pi^i. Here Pi,i £ H2{Xout, ^) is the homology class in 
Xout, corresponding to generator of H2{X,M.P^) — Z, having intersection number 
one with Da- Consider the moduli Ai{Fi^i, Xout) which is of virtual dimension 
zero. Since Pi_i is a primitive class we have np^ i ■— #A^(Pi,i, Xout), is an integer 
number. Any element inside A4{Fi,i, Xout) has a unique intersection point with 
Da and can be completed with a unique degree one holomorphic disc (half of a line) 
inside CP^ intersecting at the same point so we get: 

rip-' = "f = 30 

which is a simple relation between an ordinary GW invariant of Xout and an open 
invariant oi X. But for higher dimensions many complicated patterns happen which 
needs much work to build a relation, specially because one of the moduli spaces 
involved is a moduli space of holomorphic discs in CP^ and so we have to consider 
the orientaion problem and • • • . 

We postpone the proof and a complete calculation of this conjecture to a sequel 
paper. 



5. Disc bubble and linking number 

The main goal of this section is to give some geometric intution for the value of 
supperpotential used in |FO-C) to compensate the effect of type (I) degenerations 
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(disc bubble). Lets first explain what is that supperpotential and how is that 
constructed. 

In [FOOOj . for a Lagrangian L in a symplectic manifold {X, w), an almost com- 
plex structure J on X and using all moduli of J-holomorphic discs A4k+i{/3, J,X) 
at one place, they construct a filtered A^o algebra which is a sequence of opera- 
tors p defined on the k-th tensor power of chain or cochain complex of L over 
Novikov ring, i.e 

mi^ : Bk{C[l]) ^ C[l] 

A solution of Aoo version of Maurer-Cartan equation of this filtered Aoo algebra 
associated to the L is called a bounding cochain. For a bounding cochain b the 
supperpotential function is defined by : 

*(6,J) = ^^— ^K^(6,...,6),6) 

fc=0 13 

where (•) is some inner product and T is the parameter of Novikov ring. Other 
than {b, J) the value of ^(6, J) also depends of multi section used in the Kuranishi 
structure and some other data, but it is shown there that total function: 

is independent of various choices made, but it still depends on choice of J due to 
existence of wall-crossing ( degenerations of type (II). Note that here -/V^,j,s means 
the Euler charactreistic of Kuranishi space 7W(/3, J, X, s) which can be considered 
virtually as number of J-holomorphic discs. Lets forget type (II) degenerations for 
a moment. Then the above statement means that although because of existence 
of type (I) degenerations the function ^ -/V^,j,s?""^^^ changes by change of J (and 
also change of s ) but the supperpotential also changes in a way that it compensates 
the change of that. 

Our Goal is to give some geometric iterpretation for change of supperpotential 
as almost complex structure changes and so it would help to get a better picture 
of what is really going on geometrically. 

From now on we will assume that X is a Calabi-Yau 3-fold and L is cither 
sphere or real projective plane. Since both of them are orientable real 3-dimensional 
manifolds so they are spin, and using a spin structure and a choice of orientation 
on L we can put orientation on moduli spaces A4{J,f3) for various (3 e H2{X,L). 
For a full discusion of orientation problem we refer the reader to chapter 8 of the 
book |FOOO) . 

Consider two almost complex structures Jq and Ji on X and a path of almost 
complex structures Jt, t e [0, 1] , connecting Jq and Ji. Let Ai{X, L, /3, {Jt}) be the 
moduli space of Jj-holomorphic discs in class /3 for some t S [0, 1]. So M{X, L, /3, Jq) 
and M{X, L, (3, Ji) appear as two boundary components of M{X, L, 13, {Jt}) at 
t = and t = 1. A4{X, L, 13, {Jt}) has virtual dimension 1 and each section 
M{X, L, Jt) has virtual dimension zero. Other than two boundary components 
a.t t — 0, 1, A4{X, L, (3, {Jt}) has other boundary components at the middle which 
correspond to degenerations of type (I) and (II) . So suppose as we travel from t = 
to t = 1 a degeneration of type (I) happens which means we will see a nodal Jt^ 
disc Utg made of two components uf" and uf ^ in classes Po and /3i respectively. 
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intersecting trans versally at a boundary point p G L such that /3o + /3i — l3. For 
simplicity assume that moduli space is transversal at both of these Jt^ -holomorphic 
discs which means changing t in some interval [to — e,to + e] we can deform ufj to 
Jt holomorphic discs wf' for t e [tg — e,tQ + e]. Consider the image of boundaries 
of uf' as a subset of L x [tg — e, + e] which gives us two 2-cycles say ^g and Ai 
in L X [tg — e, tg + e]. Then the intersection point p corresponds to the intersection 
point (p,tg) of Aq and Ai in L x [tg — e,tg + e] (for simplicity we are assuming 
that they intersect transversally) . L x [ig — e, ig + e] has an orientation induced by 
orientation of L and the canonical orientation of M, so we can assign a sign to the 
intersection at (p, io) which is either —1 or +1. Two chains Ai can be considered 
as a subset of ev{Mi{X,L,l3i,{Jt})) where Mi{X,L,f3i,{Jt}) means the moduli 
space with one boundary marked point and ev is the evaluation map at marked 
point to L X [ig — e, ig + e]. Consider the curves 7*'* = duf^ C L for each t. So as 
t moves from ig — e to ig + e these curves intersect each other at time to and their 
linking number changes by ±1. 

Lemma 5.1. The change in the linking number: 

Lmfc(7"^*«+^7l'*«+^) - L^n/c(7°'*°-^7l^'°-'^) 
is equal to sign{Ao ■ Ai). 

The proof is easy and we leave it to reader. 

Now we try to find another interpretaion for sign(Ao ■ Ai) based on calculations 
of |FO-CYC| . 

Using the moduli spaces A4k+i{X, L, /3, {Jt}, one defines similar maps 
mlf, : Bk{C{L x ^ C{L x 

such that TOq ^ = p + cl. ^dt is a differential 2-form on L x /.(see remark 8.3 
in [FO-CYCiO 

m\ p and c| ^ are differential 2-forms and 1-forms respectively on L x I not 
involving dt. Then its proved in theorem 3.1 of |FO-C| . that the change in the 
supperpotential from time i = to t = 1 is proportional to 

/3o+/3i=/3 

where 




But Geometrically the contribution of to corresponds to the Poincare 

dual of ev{A4i{X, L,/3,{Jt})) C Lxl and so the equation above is equal to Aq- Ai. 

From this we can present the following statement : 

Observation: 
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"Although the number of J-holomorphic discs changes as we move from t = 
to t = 1 but the quantity given by: 

Number of curves in class /S - linking number between boundary of curves in 
subdivisions /3o + /^i = /? 

is a constant quantity" . 

In this way we can interpret the numbers n^j defined in |FO-Cj by: 

d£Z+:l3/deH2{X,L,Z) 

as conjectrally integer numbers where for generic J are equal to: 

"-/3,J = 

signed sum of individual smooth simple curves in class /?— sum over linking number 
between boundary of J-holomorphic discs in classes /3i and with /? = /3i + /32- 

Although what we said in previous statement is not rigrous and even not mathe- 
matically defined, but it helps to get a better picture of what should we looking for. 
Also note that we still have the wall-crossing problem which somes from moduli of 
J-holomorphic spheres intersecting the Lagrangian. 



6. Final remarks and questions 

In this section fucusing on Calabi-Yau 3-folds and K-3 surfaces , we will discuss 
some interesting phenomenona and questions. We won't prove any thing in this 
chaper and just give some ideas for a future work. A typical example of a Calabi- 
Yau 3-fold is the a hypersurface of degree 5 in CP'^ (Quintic) and a typical example 
of a K3 surface is a degree 4 hypersurface in CP^ (Quartic). While it is very easy 
to find a lot of M.P^ Lagrangians in Quintic as fixed points of some anti-symplectic 
involution, it is not an easy job to construct other types of vanishing maslov class 
Lagrangians. You can see [RLBj for an example of construction of a Lagrangian 
tori. We can also find lots of 2-sphere Lagrangians in Quartic. 

If we perform the surgery used in this paper for a RP^ Lagrangian in Quintic 
or a sphere lagrangian in Quartic we get new symplectic manifolds Xo^t replacing 
Lagrangian with a divisor which has an interesting property: 

cf = 

So from this way we can construct a big list of symplectic manifolds with trivial 
canonical bundle. 

The first interesting question is : 

Question 1 : " Whether Xout has a Kahler structure ?" 

If the Lagrangian RP^ we are using is non-trivial in 3rd Homology of X then as 
a result of sectior fOl we see that the change in Betti numbers from X to Xout is as 
follows: 



h^{X)~h^{Xout)^2 h\X)-h^{Xout)^l h\X) - h^iXout) ^ 1 
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which means wc lose two Homology class at middle dimension and instead we get 
two {p,p) class coming from the divisor and line class in it. In the case the answer 
to first question is yes it means the change in Hodge Diamonds is as follows: 

1 1 


a a+1 

1 c c 1 Changes to=^ 1 c— 1 c— 1 1 
o a+ 1 



1 1 

The second interesting question is : 

Question 2: " How many times wc can perform this surgery ? " 

Trivially the h^{X)/2 is an upper bound for this question. Lets discusse this 
problem for the specific example of Quintic in CP^ with h^'^ = 1 and /i^'^ = 101. 
Then wc can ask both questions for this specific example. For a moment suppose 
we can do this procedure 100 times and the answer to first question at each step 
is yes so after 100 times we get Calabi-Yau Y whose hodge diamond is mirror two 
previous one. Furthermore wc will now an exact relation between middle dimension 
homology classes in X and {p,p) classes in the resulting Calabi-Yau Y. This would 
be an amazing relation (for some body interesting in mirror symmetry) between 
pairs {X,Y) and also pairs obtained after i-timcs and (lOO-i)-timcs of doing this 
surgery. They will all have mirror hodge diamonds with a relation between middle 
dimension homology classes of one with {p,p) classes of the other one. At this 
moment I don't know any answer for those two questions even for this specific 
example .X 



7. Appendix: Lagrangians with vanishing maslov class in C-Y 

manifolds 

Wc will first start by a linear algebra discussion : 

Consider the vector space M^" = C" with standard basis (ei, e„; e„+i, e2n). 
Let {x,y) = {x\, ...,Xn\yi, ■■■iVn) be coordinate of vectors in M^" with respect to 
this base. Now consider the following objects on R^" = C": 

i 

Jo:M2"^r2„^ (16) 
flo — dzi A ... A dzn- 

where Wq is the standard symplectic structure on C" , Jq is the standard complex 
structure given by Jo(ej) = e„+j ; J(e„+j) = — and Qq is the complex volume 
n-form on C" where Za = Xa + iya- The subgroup of GL{2n,M^) preserving all of 
these three objects is SU{n), so if we have a 2n-dimensional Riemannian manifold 
(X^", g) such that the Holonomy group of g, Holg, is a subgroup of SU{n), then we 
can extend these three object defined over a tengent space of a fixed point x € X 
to all of TX to get a tuple {X, g, J, w, fl) where w is a symplectic 2-form, J is an 
integrable complex structure and O is a non zero complex differntial n-form, all 



OPEN G-W THEORY ON C-Y MANIFOLDS AND SYMPLECTIC CUTTING 



35 



compatible with each other satisfying : 

o A n = —w^ 

nl 

Such manifold is called a Calabi-Yau manifold. The most important feature of a 
Calabi-Yau manifold in this paper is triviality of its canonical bundle which implies 
= 0. We call a symplectic manifold almost Calabi-Yau if its canonical bundle is 
trivial. 

Backing to linear model again and considering the subspace Lq =< e\, e„ >C 
M^" we will see that w |i:,(,= and so it is a Lagrangian subspace. The Lagrangian 
Grassmanian in K^" is equal to U{n)/0{n) where each Lagrangian subspace is 
obtianed from Lq via action of a matrix in U(ri). 

Suppose that X is Calabi-Yau as above and L is embedded oriented Lagrangian 
submanifold of X then we have : 

Lemma 7.1. 17 \l is equal to f ■ dvol^ where f : L ^ U{1) is a function on L and 
dvolL is the volume form induced by metric g on L. 



Proof. Start from a fix point x Q X and consider the linear model at T^X as we 
did above and extend the triple (wq, Jq,CIo) to all of X by parallel translation. 
Also consider the Lq C T^L and extend it all over X via parallel translation to get 
lagrangian subspaces at each point of X . This extension depends on actual path 
and docs not result in a unique Lagrangian subaspae at each point, but there is 
something which is independent of any path: 

Consider an arbitrary point y G X and an arbitrary Lagrangian subspace / C 
TyL. Also consider two different paths connection x and y say 70 and 71 and let Iq 

and li be corresponding Lagrangian subspaces at y obtained by parallel translation 
of Lq along these paths. Then there are two matrices ^0 and Ai in U{n) for which 
I = Ai- li. Since holonomy is a subgroup of SU{n) we get : 

f{l) := Det{Ao) = Det{A^) 

is independent of path chosen and only depends on initial space Lq and I. Now 

consider the situation of lemma, following the discussion above and starting from 
fixed point x and Lq we will see that Q | = f{TyL) ■ dvol where / is the 

function constructed above. □ 

The function / in previous lemma has another interesting property: 

Lemma 7.2. For any element /? € tt2{X,L) with boundary loop a G 'i^iiL) we 
have: 

fi{j3) = winding number of f"^ \a. S^. 



Proof. Consider the loop a an a trivialization of tangent space TL along a. Start 

from the point a(l) and extend the imitary Lagrangian frame at this point to 
Lagrangian frames at each ponit a{e^^). At each point a(e**) consider the matrix 
A{t) in U{n) which transforms the tangent plane at a(e'*) to translated one. By 
definition maslov index is cqiial to winding number of square of determinant of 
matrix loop A(t) which by defenition is nothing but winding number of along 
a. □ 
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So as a Corollary get: 

Corollary 7.1. A lagrangian submanifold L in a Calabi-Yau manifold X has van- 
ishing maslov class iff the corresponding function /i : L — > ?7(1) can he lifted to a 
function fL : L R .( and so fL = e^'^'-^^ ). 

Note that Lagrangian submanifolds with vanishing maslov class in Calabi-Yau 
3-folds are those ones we work with and so above lemma gives a criterion to find 
which Lagrangians have vanishing maslov class. In common literature a Lagrangian 
submanifold with = 1 is called a special Lagrangians. But lets modify this 
definition a littlebit and define : 

Definition 7.1. We call L to be a special Lagrangian if we have = c for some 
constant c G U{1). 



Special Lagrangians easily arise as fixed points of complex conjugations and by 
above criterion they have vanishing maslov class. But it is interesting to know 
which Lagrangians with vanishing maslov class can be deformed to a Special one. 
By a work of McLean IMLj we know that if L is a special lagrangian then the 
moduli of special Lagrangian submanifold near that has dimension equal to first 
Betti number of L and there is a correspondence between infinitesimal deformations 
and harmonic 1-forms on L. In What follows we briefly review a natural possible 
way of answering above question using the associated function of L. 

Suppose we have a Lagrangian embedding l : L X with vanishing maslov 
class. Using a function : L — M we can deform our Lagrangian embedding t to 
another one in direction of exact 1-form dh, by considering path of Lagrangians 
given by graph of d{th), t gM., in T*L. Lets denote this path by Lt{h) : L ^ X and 
its image by L^. The first thing we like to know is how does /^h : L — > M changes 
by change of t. 

Lets define D^lh) to be infinitesimal change of /l in direction of dh. Then 
following the argument in the proof of theorem 3.6 in [MLj we get : 

Theorem 7.1. 

DL{g)^^h 

Where A/i is the laplacian of h with respect to induced metric on L. 
For an arbitrary function / : L — > M define f"-^-^ to be : 

f frf- dvol 
j'avj J J L 

volume{L) 

which is the average free part of f. The big goal is to deform t : L — > X to one for 
which the associated function /l is constant. So the above theorem suggests that 
the correct direction to deform t : i — > X is the direction given by exact 1-form dh 
satisfying : 

Ah = -/r^ 

which certainly has a solution. For a function g on L, define k{g) to be the function 
which satisfies Ak{g) — g"''"^ . Then above theorem tells us that correct flow to 
consider is 
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where ft is the function / associated to Lagrangian h C X and C(^(/t)) is the 
vector field normal to Lagrangian which corresponds to function k{f) by relation 

There has been many attempts to analyse this flow and flnd a solution to the 
question above, but there is no result yet. 
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